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2 95 we have X Ye go
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dbt b c 214 constant

This is again a constant fan ble IX Y Egg

In general take ya left in v f

92 Span Xi Xu Xi basis he dim G

Rinula gg span la an di is the dual basisof Xp

Then Xi X EcijaXe where Cjk are called structure
K

constantof G want basi sXi Xn

Then



Xi X Xj Xi Cjk Cjik

Jacobi identity Cijr Cries GerCris Cair Crjs 0

Moreover breh da and a raj are left in a forms

I form a basis for all icj

date I arijdingicj

what are Akij
assume is

da Xi Xj 2k Xi Xj 4 El Cijk Xk Cijk

Ijakijding Xi Xj akij inaj1lXi.Xj any sittin
y
CijkLina
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This last equation is called the Maurer Cartan equation

dat t a 23 0 This is closely related to the curator

of connection on a principal bundle

Rmf Historically element se did G is called a Maurer Cartan

form

Recall that we learned connection of a vector bundle Er
denoted by T For E TM where M Mig a Riem mfd

there exists a unique convention 7 in TI that is

Levi compatible with the Riem meth's and torsion free

Catti z g x y g ax Y t g x FY X Y ZEP TM

Lii Oxy T X x Y K X Y E PCTM torsion free
Is Kosal formula 29104 Z Xy 4.2 4cg x z Zg x y 916.42Z 917,2 Y 91.43x



Rat torsion and curvature are two independent quantities

Fix a basic vectorfield I Xi Xa of TM then for any XeP Tn
Theexistence
ofsuch basis
implies that

TM is trivial
Tx Xi I A Xj This holdsfor

somemtdi NotALL

forinstance any
liegimp herTGtrivial

ATM

where 0it Plym IR a Ct M linear
map so 05 E Plas

is a l form called the onetime Taxi É Qi Xj

Itoi axObservations
ofex faith

O i
eigen

forms a matrix O O is i jen

called connection matrix writ basis Xi X

Assume Xi Xu are orthonormal we can do it by Gram Schmitprocess

then O is a skew symmetric matrix ie OE o

glxi.li o É



Indeed O X g Xi Xj
forany 9 Tx Xi Xi g Xi Tx Xj

9 E O x xx Xj g Xi EE OFix Xx

EI 910th Xn Xj t II g Xi Ofix Xi

taek Is Of X g x j t Es O'j x g Xi Xi
and t it

Oi x OfA

Recall cunature Tx Ty Ty Ox Tex y RA Y

Then under a basis I Xi Xu not nee crehnomal

RexY X Erik Y Xj
which defines a 2 tensor I x y need to verify IDIY

rt if.gl fgrilx.Y



let's do some computation

Tx Ty Xi Tx E O Y Xx

I Tx 0 41 kid Fi Iggy
x t 04410 4

EI XcotlYllXat ityjE.O DX
Switching Y and X ur get

Ty Ox Xi 3,4 O'i x Xk IYA Of III Xe

Texas Xi I OTLEY Xk

RIXY X Is X 105141 Y oily O lx s x

t

i He



PARI do x Y

PARI ahoy x y
RAY Xi tf dat t Eoinayyy151 1

So for fixed Xj k j and l k
we have

It dot t Es O'inOik

Moreover under an archurinal basis we have

R'i do E O not

dfoj.lt É toi rt Ot
Here we switchdDj Ey Dipnot t the position ok andOj

rig
So if one form a matrix D Iti teigen

then it is also a

skew symmetric matrix



Moring one step forward we din't like the output to be a

vector field instead we like the output to be a marker

are AY Z a number

Define the co 4 tensor

R XY Z W g RAY Z W for X Y Z W t Pla

Ex Prune RIXY Z W satisfies the following properties

RIX Y Z W R Y Z X W RIZ X Y W 0

R X Y Z W RLY X Z W R XY W Z

R X Y Z W R Z W X Y

Sectional curvature for a 2 dim l subspace P E T M

defense.fi atptxemfp by



K P R X X X x x
for an arbitrarybasis x.es
oft

Kip EYFYI x.esforany achonamal basis Xi Xi of P

And Kep is independent of the choice of orchumomalbasis IX Xy

Ruf When dim M z Kip KIM curvature function
on M

related equal to
Ganeseanatan

Example 1144 1 x y e le I y o where gt dedg.IM
of Hwa Chose an echonormal basis

X YE and Xz YEy

g Xi Xi g x2 x2 and g Xi Xi 0 Under his basis IX Xi

the connection matrix is definedby



D ga s O's tax
T form

Then the only non trial entry

I z d U's t I 011Ok do y dandy

Therefore the sectional cunatum at pt by is

R X X X X 9 Rex a X X I

g 1,5 stick tax Xi
g e x xyx Xi

Rdx Xi deady YE YE 1

Rot Some buk define k p using Rex X X x but it defines

RIXY by Ty Tx TxTy Tax y theoppositeof ourdefinition



Let's get back to lie group

Here is a basic observation Any lie group G admits a left in Riem
metric denoted by C 7 i.e Ig c L or men explicitly

Lg LV W Ag ly I g w

g
for any owe Iq

Construction Pick any inner product C on Te G then define

G Katt Kx H

What's won trivial is that

Pry Any apt Lie group G admits a b ant metric

kg s a and KFC D
when Rg mean rightmultiplication by g
One usually unite Rgt insteadof Rg bl Bi lg cgl conjugationbyg



Pf As lame dim G n

Step Pick a basis Sui u of Te G and consider 1 forms

2 duel of X so di e Riau Gl

Then did nan is a nowhere vanishing
n form on G

a volume funIndeed U ge G

Kin nan
g
X cgl X g Kin nan

g Lg Cui is kgle.ca

Lg kid name Vi Vu L

Note that in particular any lie gimp is orientable

Similarly one can construct a volume form In G that is right
invariant

Stef Pick any inner product C Eat T G which induces



a right inv metricsin G

Define for X Y E TgG forfixedge G this is a fun tim

K X YDg ftp.qq.ghunasieatGr
a
G

7
averaging trick very common in reptheory

Stef K D is left inv For any he G

a IX YD CC Rat X 4 4Dag

So Lalita X WaliKalaYlang r

So Lah X Kahley agrkey J
sth

Spy g F r where Flak CatXLAY ag
G

as a function on G



chargeTime SoREE r So Ruler
9
Yc r is rightinvariant

Itta So F r
averagingtrick

go ka X ILY Jag Y

Stepy K 7 in right inv For any h e G

Rn ex YDg K RatX RAY gh

So ka REX 4 RAY Tagh r
Entente I go ri La X Katy agr

Sg lat X 4k47gr 4447g

pegTo construct a bi inv metric on Sula HeUlus data 1



one can start from an inner product on its lie algebra

Sulu X E GL ne XA X O and tr X o

definedby
x y Retry

a general liegroup not
nee company

Then Milan A lie gimp G admits
a bi invariant if G

is isomorph to Nx n where N apt and H is abelian

Next we will see the existence of a bi inv metric in G
levees left in

considerably simplifies geometer computation on G

e
g

Given Gg where 9 s left in and X Y are left in
v f on G then g x y constant

In particular if T is a Levi Civita metric on Gg then

Kosal formula simplies to



2g 7 4,2 911 43,2 g Ex.BY gLEY.zJX 4

Recall the adjoint rep of Lie algebra ad g g g TaGLcg

we have ad Y X Y Therefore
a lineartransformation on g

4 a glox.Y.zj_tz lcx.Ys.z1 g_ay1Yi
gcadyczs.x

g XAY g AtxY with respect to Tg Y adxti
where At is calledthe

a nondegbilinear

adjointoperatoroff
form thereisg gl dxpy.z gl dy7x.Z

gloxy I g
x y lad Y CadMx z

Ay I Ex s ad Y Cady x M

Moreover if g is bi in then

fadx adx



Indeed by def

d Y It Adexpitx Y

Therefore since
Adeyit Y Ade pity 2 7 44,27 then

pushforwardofmultiplicationbyexp tx
on boch left and right its inverse

Ht Adexpty Y Z t Y Ht Adexpitx 1217 0

ax Y z Y A z

gladly z 91 lad 41,2

adx a

Pry On LG g J when g is a bi inv methi and O is the
Levi Civita connectionof CG.gl we have Oxy I x y



Oxy Cx.YJt dHPtLadIX ECx.Y D

telled

Raf In particular X Y Tx X Ex.x o
therefor the
integral curve
of a life inv
V f underbi in
metricgonGHw about curvature is agedes
irftch

From observe that if X Y one left in v f then Tay is

also a left in v f Therefore

Y g Tx Z W 0 for all left inv input v fs

O Yg Oxen
Mis I g Tyo z W g Tx Z TyW
axiom

9 Ty Tx Z W 917 37 W


